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Abstract
In this note we analyze the linearized equations of forced elongation. We prove that solutions of these equations
are given by a quasi-contraction C0-semigroup on the physically correct state space L1(0, 1) and that the semigroup
is eventually differentiable.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
Forced elongation refers to the flow of a highly viscous fluid that exits an orifice and forms a thin
axisymmetric filament under the action of a pulling force some way down the fluid fiber. Flows of this
kind can be found in industry (manufacture of thin synthetic fibers) and in nature (drawing of spider
silk). The mathematical description of this process takes the form of a one-dimensional mass equation
coupled to an elliptic momentum equation
at + (a v)z = 0, (1.1)
(a vz)z = 0. (1.2)
In this form Eqs. (1.1), (1.2) are essentially due to Matovich and Pearson [1,2]. The quantities a = a(t, z)
and v = v(t, z) denote the cross-sectional area and the axial velocity, respectively, of the axisymmetric
fluid filament at time t ≥ 0 and position z along the spinline 0 ≤ z ≤ 1. We have chosen a dimensionless
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form of the equations so that z = 0 and z = 1 correspond to the outflow orifice and the location
of the pulling force (e.g., exerted by a winder), respectively. Also, the fluid density and viscosity are
normalized to 1. Eqs. (1.1), (1.2) are accompanied by an initial condition for a and by the normalized
boundary conditions
a(t, 0) = 1, v(t, 0) = 1, v(t, 1) = D > 1. (1.3)
D is a dimensionless constant pulling velocity, often referred to as the “draw ratio”. The
Matovich–Pearson equations of forced elongation have attracted a lot of attention in the engineering and
fluid mechanics community since they exhibit a change from stationary to oscillatory behavior for values
of D larger than 20. This observation is usually linked to the onset of a supercritical Hopf bifurcation,
even though a rigorous mathematical proof is still missing. The observed dynamical behavior is, however,
in excellent agreement with the linear theory of the governing equations.
In this note we shall study an important regularity aspect of the linear theory. When we linearize the
equations of forced elongation, Eqs. (1.1)–(1.3), about the stationary solution
a¯(t, z) = exp(−ν z), v¯(t, z) = exp(ν z) where ν = ln D > 0, (1.4)
write a = a¯(1 + a∗) and v = v¯(1 + v∗) for the perturbations a∗ and v∗ and drop all nonlinear terms in
Eqs. (1.1)–(1.3), we obtain (when omitting the asterisk)
at + v¯(az + vz) = 0, (1.5)
vzz + ν vz + ν az = 0, (1.6)
a(t, 0) = v(t, 0) = v(t, 1) = 0. (1.7)
The linearized equations of forced elongation, Eqs. (1.5)–(1.7), were previously studied in a somewhat
different setting in [3]. Nonisothermal versions were analyzed in [4,5]. In these papers we established
that solutions of the equations are given by an eventually compact C0-semigroup in Hilbert space.
Specifically, in the case studied in [3] the relevant state space for the area perturbation a was L2(0, 1),
whilst the state space in [4,5] was a subspace of H 1(0, 1) × H 1(0, 1). In the current paper we intend to
improve on the results reported before and to shed light on open issues alluded to in [3–5]. In particular,
we shall prove the following:
1. Solutions of Eqs. (1.5)–(1.7) are governed by a C0-semigroup on the state space L1(0, 1). This result
agrees with the physical expectation since the total fiber mass is proportional to the L1-integral∫ 1
0 a(t, z)dz for the fiber cross-sectional area a > 0 of Eq. (1.1). Hence perturbations should also
be considered in an L1-setting.
2. The semigroup is not only eventually compact, but even eventually differentiable. This result answers
a question raised in [3]. Regularity results of this kind have far-reaching implications, one of which
is the well-known property of spectrally determined growth (see [6,7]).
2. The semigroup property and elementary regularity
We can cast Eqs. (1.5)–(1.7) in the reduced form
at + eν zaz − ν eν za + ν
2
eν − 1
∫ 1
0
eν x a dx + ν2
∫ z
0
eν x a dx = 0, (2.1)
a(t, 0) = 0. (2.2)
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Let us define the operators A, B and C and their domains by
A f (z) = −eν z fz(z) + ν eν z f (z), Dom(A) = { f ∈ W 1,1(0, 1) | f (0) = 0},
B f (z) = − ν
2
eν − 1
∫ 1
0
eν x f (x)dx, Dom(B) = L1(0, 1),
C f (z) = −ν2
∫ z
0
eν x f (x)dx, Dom(C) = L1(0, 1).
Then Eqs. (2.1), (2.2) assume the form ddt a = (A+ B + C)a on Dom(A).
Lemma 2.1. The operator A generates a nilpotent quasi-contraction semigroup S = {S(t)}t≥0 on
L1(0, 1).
Proof. A is densely defined. Moreover, for each λ ∈ C and h ∈ L1(0, 1) there exists a unique solution
f ∈ Dom(A) of f − λA f = h. Now let κ ≥ 2νeν and let f be the solution of f − λ(A − κI) f = h
for h ∈ L1(0, 1) and λ > 0. Since λ is real, we may take f and h as real functions. Then
‖ f ‖1 =
∫ 1
0
f (x)sgn f (x)dx
=
∫ 1
0
h(x)sgn f (x)dx − λ
∫ 1
0
(eν x fz(x) − (ν eν x − κ) f (x))sgn f (x)dx .
Here we have tacitly set sgn 0 = 0. Now we extract from the interval (0, 1) the set of all points where
f is nonzero. This set is the countable union of disjoint intervals (ai , bi ) on each of which either f > 0
or f < 0 holds true such that f (bi) = 0 unless bi = 1 and f (ai) = 0 for all i . On any such interval
(ai , bi) with f > 0 we find by integration by parts∫ bi
ai
f (x)dx ≤
∫ bi
ai
|h(x)|dx + λ(2νeν − κ)
∫ bi
ai
f (x)dx ≤
∫ bi
ai
|h(x)|dx .
Similarly, on an interval (ai , bi ) with f < 0 we have∫ bi
ai
| f (x)|dx ≤
∫ bi
ai
|h(x)|dx − λ(2νeν − κ)
∫ bi
ai
f (x)dx ≤
∫ bi
ai
|h(x)|dx .
Hence we obtain ‖ f ‖1 ≤ ‖h‖1, thus establishing quasi-dissipativity of A. Finally, for t0 > 0 let
t (z) = t0 + (1 − exp(−ν z))/ν and let w(z) = a(t (z), z), 0 ≤ z ≤ 1, where a is the solution of
d
dt a = A a for an initial value in
⋂
n∈N Dom(An). Then w satisfies ddz w = νw, w(0) = 0, so w ≡ 0 for
every choice of t0 > 0. Hence, by density, the semigroup S is nilpotent, i.e. S(t) = 0 if t is sufficiently
large. 
Theorem 2.2. The operator A+ B + C generates an eventually compact quasi-contraction semigroup
T = {T (t)}t≥0 on L1(0, 1).
Note that the semigroup T = {T (t)}t≥0 is called eventually compact if the operators T (t) are compact
for all sufficiently large t .
Proof of Theorem 2.2. Since B + C is a bounded perturbation, it is clear that A + B + C generates
a quasi-contraction semigroup T = {T (t)}t≥0 on L1(0, 1). Moreover, since S is nilpotent (hence
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eventually compact) and since
T (t) f = S(t) f +
∫ t
0
S(t − s)(B + C) T (s) f ds,
the eventual compactness of T follows from B + C being a compact operator on L1(0, 1). 
The same strategy gives the following result which we state for later use.
Corollary 2.3. The operator A + B generates an eventually compact quasi-contraction semigroup
U = {U(t)}t≥0 on L1(0, 1).
3. Eventual differentiability of the semigroup
Lemma 3.1. The semigroup U = {U(t)}t≥0 generated by A+ B is eventually differentiable.
Note that the semigroup U = {U(t)}t≥0 is called eventually differentiable if there exists a time t∗ > 0
such that all the orbit maps t → U(t) f with f ∈ L1(0, 1) are differentiable for t > t∗.
Proof of Lemma 3.1. Let us first characterize the spectrum of the operator A+ B. To this end, we note
that, for λ ∈ C and g ∈ L1(0, 1), the equation λa − (A+ B)a = g has the unique solution
a(z) = e−νz
∫ z
0
E(λ, x)
E(λ, z)
(
g(x) − ν
2
eν − 1 A(λ)
)
dx, (3.1)
where E(λ, z) = e(λ/ν(1−e−νz)−2νz),
A(λ) = 1
∆(λ)
(∫ 1
0
∫ z
0
E(λ, x)
E(λ, z)
g(x)dx dz
)
(3.2)
and ∆(λ) = 1 + ν2eν−1
∫ 1
0
∫ z
0
E(λ,x)
E(λ,z) dx dz if ∆(λ) 	= 0. It is readily seen that the spectrum of A + B
consists exactly of the zeros of ∆. By integration by parts, we obtain for λ 	= 0
∆(λ) = 1 + ν
λ
+ 1
λ2
ν2(e2ν − 2)
2(eν − 1) −
1
λ3
ν3
eν − 1 +
(
1
λ2
+ ν
λ3
)
×
(
ν2e3ν
eν − 1e
λ(e−ν−1)/ν − 3
ν(eν − 1)
∫ 1/ν
e−ν/ν
eλ(r−1/ν)
r4
dr
)
. (3.3)
Hence the equation ∆(λ) = 0 can be cast in the form
eν − 1
ν2e3ν
λ2eλ(1−e−ν)/ν(1 + R1(λ)) = −1 + R2(λ) (3.4)
where R1 and R2 are functions decaying to zero if either of the following occurs: (1) Re λ → −∞ or (2)
|Im λ| → ∞ with Re λ bounded. The latter decay property follows from the classical Riemann–Lebesgue
lemma applied to the integral resulting from the integral term on the right-hand side of (3.3). In a recent
paper [8] the zeros of characteristic equations of the form (3.4) were described by rigorous asymptotic
methods. In particular, the results there prove that all but finitely many zeros of∆ are given by the double
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sequence (λ±k )k∈N with
λ±k = −
2ν
1 − e−ν ln
(
2πk√
eν(eν − 1)
)
± ν
1 − e−ν (2πk) + 
±
k
where limk→∞ ±k = 0. Consequently, for each β with 0 < β < 2ν1−e−ν we can pick α ∈ R large such
that the set Σ = {λ ∈ C | Re λ ≥ α − β ln |Im λ|} is contained in the resolvent set ρ(A + B). For the
following we shall choose β = ν1−e−ν . Now let us introduce the sets ΣM = Σ ∩ {λ ∈ C | Re λ ≤ M}
and Σ 0M = Σ ∩ {λ ∈ C | |Re λ| ≤ M} for M > 0. Then for λ ∈ ΣM \ Σ 0M , we have
eRe λ
e−ν−1
ν ≤ exp
(
(−α + β ln |Im λ|)1 − e
−ν
ν
)
≤ C1|Im λ| (3.5)
for some constant C1 > 0. When we use estimate (3.5) in (3.3), we obtain that ∆(λ) → 1 uniformly as
|λ| → ∞ for λ in all ofΣM . Hence there are positive constants γM and ΓM such that ΓM ≥ |∆(λ)| ≥ γM
on ΣM . The lower bound holds since ΣM contains no zeros of ∆. Also, it is readily seen that there is a
constant C2 such that∫ 1
0
∣∣∣∣
∫ z
0
E(λ, x)
E(λ, z)
dx
∣∣∣∣ dz ≤ C2 for λ ∈ ΣM . (3.6)
By inequality (3.5) there are positive constants C3, C4, C5 such that, for λ ∈ ΣM \ Σ 0M ,∫ 1
0
∫ z
0
∣∣∣∣E(λ, x)E(λ, z) g(x)
∣∣∣∣ dx dz ≤ C3
∫ 1/ν
e−ν/ν
∫ 1/ν
r
eRe λ(r−s)
∣∣∣∣g
(
−1
ν
ln(νs)
)∣∣∣∣ ds dr
= C3
∫ 1/ν
e−ν/ν
∫ s
e−ν/ν
eRe λ(r−s)
∣∣∣∣g
(
−1
ν
ln(νs)
)∣∣∣∣ dr ds
≤ C4|Re λ|e
Re λ
e−ν−1
ν ‖g‖1 ≤ C5|Im λ| ‖g‖1.
When we use this estimate together with |∆(λ)| ≥ γM and estimate (3.6) in (3.1), we conclude that there
is a constant C6 > 0 such that
‖R(λ,A + B)‖ ≤ C6|Im λ| for λ ∈ ΣM \ Σ 0M . (3.7)
If on the other hand λ ∈ Σ 0M , then |E(λ, z)E(λ, x)−1| is bounded for e−ν/ν ≤ x, z ≤ 1/ν independent
of λ. Hence Eq. (3.1) gives that there exists a constant C7 > 0 such that ‖R(λ,A + B)‖ ≤ C7. With
C8 > 0 denoting the minimum of |Im λ| on Σ 0M , we have
‖R(λ,A + B)‖ ≤ C7C−18 |Im λ|. (3.8)
The inclusion of the logarithmic sectorΣ in the resolvent set of A+B plus the resolvent estimates (3.7),
(3.8) for arbitrary M > 0 suffice for invoking Pazy’s theorem on eventual differentiability [7]. Hence the
claim is proven. 
Theorem 3.2. The semigroup T = {T (t)}t≥0 generated by A+ B + C is eventually differentiable.
Proof. Since T (t) f = U(t) f + ∫ t0 U(t − s)CT (s) f ds, the claim readily follows if, for each f ∈
L1(0, 1), the Volterra operator V (·) f defined for t ≥ 0 by t → V (t) f = ∫ t0 U(t − s)CT (s) f ds is of
class C1([0,∞); L1(0, 1)). This condition holds true since C maps L1(0, 1) into Dom(A). 
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